The Vesilind settling velocity function forms the basis of flux theory used both in state point analysis (for design and capacity rating) and one-dimensional dynamic models (for dynamic process modelling). This paper proposes new methods to address known shortcomings of these methods, based on an extensive set of batch settling tests conducted at different scales. The experimental method to determine the Vesilind parameters from a series of bench scale settling tests is reviewed. It is confirmed that settling cylinders must be slowly stirred in order to represent settling performance of full scale plants for the whole range of solids concentrations. Two new methods to extract the Vesilind parameters from settling test series are proposed and tested against the traditional manual method. Finally, the same data set is used to propose an extension to one-dimensional (1-D) dynamic settler models to account for compression settling. Using the modified empirical function, the model is able to describe the batch settling interface independently of the number of layers. Keywords Batch settling test; compression settling; hindered settling; one-dimensional settler model; Vesilind model
Introduction
Secondary settler design is frequently based on state-point analysis (Ekama et al., 1997) . This method relies on a settling velocity curve (settling velocity v s as a function of solids concentration x), commonly described by the Vesilind function (Vesilind, 1968) . The parameters of this function, v 0 and r hin , can be established from the initial settling velocity of hindered settling tests performed at different concentrations on the same sludge. It is known that the configuration of the test vessel has an impact on the settling process and thus on the Vesilind parameters. Extensive experiments in test tanks of three different heights and surface areas were performed. The objective was to investigate the error that is made by inferring settling parameters from a bench scale cylinder instead of the actual settling tank. The method of parameter extraction, with special attention to the required expert input and its influence on the results, was also investigated.
The same Vesilind settling velocity function is frequently used in 1-D dynamic settler models for process modelling purposes, e.g. in Takács et al. (1991) . The data collected was used to verify the hindered settling part of the model and develop an extension to account for compression settling.
The reactor is fed with pretreated municipal sewage and operated around 10 day SRT year-round. The diluted SVI is consistently low (60 to 80 mL/g). Two series of approximately 10 batch settling tests were conducted over a MLSS concentration range of 1500 to 9500 mgTSS/L. For each initial concentration (X 0 ), the test was repeated in 4 different experimental setups: (a) in the pilot scale SBR (2.5 m 3 , 1.15 m deep); (b) in a 3 L graduated cylinder, equipped with a slow stirring mechanism operating at 1 rpm; (c) in the same cylinder with the stirrer off; (d) in a 1 L graduated cylinder (unstirred). The objective was to study the effect of the characteristics of the vessel on the settling parameters, and to verify if bench settling tests can be representative of the full scale process.
For the first test series (in short "Slow up"), the MLSS was slowly built up in the SBR by stopping wastage during 24 days. Once the MLSS concentration had reached 9.5 g/L, a second series (in short "Fast down") was conducted by successive dilutions with final effluent during 4 days.
Method of batch settling test
Rather than using special equipment (Vanderhasselt and Vanrolleghem, 2000) , the method was restricted to material and expertise typically available at wastewater treatment plants (Rombardo et al., 2005) . After initial energetic mixing, the height of the liquid/sludge interface was monitored visually against graduation marks for 30 to 60 minutes on a transparent section of each vessel.
Determination of the Vesilind settling parameters
For each test the recorded height of the interface was plotted against time. This yields a typical profile as shown in Figure 1 and 4 with 3 distinct phases: (a) lag phase (residual turbulence), (b) linear phase (hindered settling), (c) compression phase.
The Vesilind function (Vesilind, 1968 ) was developed to describe how the hindered settling process (linear phase) characterized by its slope v s (m/d), hindered settling velocity. Its parameters v 0 (m/d), theoretical settling velocity at X 0 ¼ 0, and r hin (L/gTSS), hindered settling parameter, were extracted from the data by three methods with increasing level of automation. Method #1: Fit to expert chosen linear section. The first approach consisted of visually delimiting the linear section of the curve by drawing a straight line through the data points, and dropping out points as they diverge at both ends. From here, two methods were used for parameter identification. (a) Each test was separately evaluated by fitting a linear function with a slope of v s to the selected interface height data. The logarithm of the obtained v s series was then plotted against X 0 and a linear function containing v 0 and r hin was fitted to the data as shown in Figure 2 . In both steps the objective function was the sum of squares and was minimized using the Excel Solver. This is a practical implementation of the traditional method (Vesilind, 1968 ). (b) The slope (v s ) was expressed directly as a function of v 0 and r hin . The square of errors between measured and calculated interface height of each test was added for all tests within one series to calculate one objective function. The values of v 0 and r hin were optimized directly in one step by minimizing the combined sum of squares.
Method #2: Fit to whole curve without pre-selecting data points. The visual determination of the linear section of the settling curve can introduce bias as it depends on human subjectivity. A function was developed that allows the identification of v s after fitting the whole curve. The function is of the form h ¼ f(p,t) where h is height of interface, t is time and p is a set of parameters including v s . It was constructed starting from a linear expression fitting the hindered settling part of the experiment with a slope of v s :
where h 0 ini is the intercept of the linear function at t ¼ 0. The effect of initial turbulence can be described as the slope of Equation (1) changing from zero (or an apparent initial slope) to v s (De Clerq, 2006) . This is implemented using an exponential multiplier on the slope, that is 0 at t ¼ 0 and converges to 1:
where t turb is a concentration dependent turbulence time constant. The phase of the experiment when compression settling starts to take over can be approximated by another exponential function to be added. The correcting function f compr should start at a characteristic time, and slow the linear function until it stops at a final Figure 2 Hindered settling velocities versus initial MLSS concentration in the semi-logarithmic format for the slow sludge build-up series (left) and the fast dilution series (right) compressed height:
where t compr is the time of compression onset and r compr is a compression correction parameter. The resulting function is expressed as: Figure 1 shows the fit between data and Equation (4) on one example. After the linear section of the test, the function first slightly overpredicts settling velocity (calculated height below the data points), and then underpredicts it (final interface height overpredicted). The residual error between this function and the data has the same characteristic shape as in Figure 1 for the whole concentration range (not shown), with increasing amplitude towards lower concentrations. This consistent residual interferes with the correct determination of the slope. The observed shape of residuals was used to develop a further correction l corr to Equation (4), consisting of a double logistic function:
where h 1 is the maximum correction height on the first interface height deviation, h 2 is the correction on the final interface height deviation, p 1 and p 2 are logistic parameters (steepness factors), and t 1 and t 2 are characteristic times (for the time of maximum derivative correction). The final function is: Figure 1 shows the improved fit between the data and the corrected function. Equation (6) contains 10 parameters, one of which (and the only concern) is v s . The function was implemented in the Excel spreadsheet and its parameters were optimized with the solver to best fit the data on each settling test curve using the least squares method. At first the solver would find inappropriate slopes on occasion even using good initial guesses. This was traced to the correction factors (3) and (5) taking over the first term in Equation (6) by starting too soon. It was mitigated by adding the following constraints on the time parameters in Equation (6):
Once all v s variables were extracted for a given series, the Vesilind parameters were identified with the same semi-log procedure as in Method #1(a).
Results and discussion

Effect of settling vessel characteristics
The settling velocities (v s ) extracted by Method #1(a) are presented in Figure 2 for both test series.
The alignment of the points shows that settling velocities are in agreement with the Vesilind model in the SBR reactor for the entire concentration range. The test concentrations were not high enough to encounter compression settling conditions during the initial zone settling phase. The results in the 3 L stirred cylinder closely follow the results in the pilot plant tank. This is no longer true in the absence of stirring for initial concentrations beyond 4300 mg/L: the settling velocity is drastically slowed down in both unstirred bench cylinders. This is a known phenomenon that is attributed to elevated wall friction due to a higher ratio of inner surface area to volume. This ratio is 15 to 22 times higher in the bench cylinders than in the SBR pilot plant. Consequently, for the 2 unstirred vessels, only the points below 4300 mg/L were used for parameter extraction.
In conclusion, both series confirm that it is not as much the size of the cylinder, but rather the slow stirring that is the key factor in obtaining representative settling rate measurements at bench scale at high MLSS concentrations.
Effect of parameter estimation method
Goodness of fit. Figure 3 shows that for all methods, the fit to the interface height curve is excellent at higher concentrations but less good at lower concentrations. This is mainly due to poorer data quality, especially below 2200 mg/L: the fast settling rates combined with a poorly identifiable interface make it difficult for the human eye to deliver reliable readings.
The fitting method that requires the most human decisions (1(a)) seems to be best able to reduce this scatter in this particular case. However the selection of the linear portion of the curve can have a significant impact on the v s result especially at low concentrations. The "combined fitting method" (1(b)) provides the highest error since it does not fit data points individually. The fit for the automated Method #2 is shown for the whole concentration range in Figure 4 . It provides as good a fit as the expert method (#1(a)) above 2200 mg/L. Below this concentration it yields similar results to 1(b) due to the scatter in measured data.
Comparison of estimated Vesilind parameters. Table 1 shows the final results of the parameter estimation. Overall the different methods give very similar results for a given vessel, with a maximum relative standard deviation of^5% (v 0 in the 3 L static cylinder). This confirms indirectly that the two new methods (1(b) and 2) are valid and applicable. The 4 vessels also yield similar results, with a maximum relative standard deviation of þ/28% (v 0 for method #1(b)). It is confirmed that the bench vessel that represents the SBR reactor with the least error is the 3 L stirred cylinder. However it is surprising that the 1 L static cylinder gives almost as accurate results, if the tests beyond X 0 ¼ 4300 mg/L are not used for Vesilind parameter estimation. This means that the 5 remaining points contain enough information to allow parameter identification. The case of the 3 L cylinder is marginal with only 3 relevant data points.
Use of settling parameters in one dimensional (1-D) dynamic modelling
Clarifier capacity and critical loading are often estimated by two methods, both relying on the Vesilind hindered settling velocity function. (a) State Point Analysis. This method provides an easy graphical procedure to determine loading conditions in a clarifier. The method uses the Vesilind settling parameters to calculate settling velocity and solids flux that the clarifier can handle, depending on bulk flow conditions. (b) 1-D flux models. One of the more frequently used models is that of Takács et al. (1991) . A slightly modified version using the same expression for all layers independent of feed layer position and threshold solids concentration is used in this paper. This simpler definition of the fluxes provides similar results to the original model:
where i is layer number, J s is the settling flux, v s,max , X min and r floc are double exponential settling parameters not affecting the discussion in this paper. This equation for the purposes of calculating the interface height reduces to the Vesilind settling function, but uses an additional "minimum of fluxes" operator to be able to predict a stable steady-state sludge blanket (Vitasovic, 1989) . A feature of the double exponential model is that it uses the number of layers as a model parameter. The smaller the number of layers, the more numerical diffusion or "backmixing" occurs between layers, and this will have a smoothing effect on the gradients in the solids profile. Ideally the model results should become less and less dependent of the number of layers, as this number increases. 1-D flux models calculate a solids profile, and do not provide interface height (sludge blanket level) as an output. To calculate sludge blanket level, the following three steps were implemented: (1) a typical concentration at the sludge blanket interface (2000 mg/L) was chosen;
(2) a continuous cubic spline function was fit to the concentrations in three adjacent layers; (3) the exact position in terms of tank depth where the concentration crossed the selected blanket concentration was extracted and defined as interface or blanket height. This approach shows a slight "waviness" in the calculated interface ( Figure 5) , due to the discrete number of layers, but gives a good indication of the approximate position of the simulated sludge blanket.
The settling experiment performed in the SBR "slow up" series at 3740 mg/L initial MLSS concentration was simulated using the double exponential model ( Figure 5 ) with the Vesilind parameters extracted previously by method #2 (v 0 ¼ 268 m/d, r hin ¼ 0.33 g/L).
The optimal number of layers providing best fit is nine in this case. The low number of layers provides an approximation of the effect of compression, which the Vesilind function does not contain. To illustrate this, the double exponential model was simulated with the same parameters using 100 layers ( Figure 5 ). The interface height during the hindered settling phase is well matched, but during the following compression phase, the simulated and measured interfaces diverge.
There are several attempts to account for compression settling in 1-D flux modelling (De Clercq, 2006; Zhang et al., 2006) . In this work, it was noted that the residual error, if compression settling is simulated using the Vesilind function alone, is similar to the error correction provided by Equation (5), for all experiments (not shown). Consequently the same correction function form was applied to the Vesilind settling function according to 
where v corr is the maximum velocity correction on the first deviation, v res is the correction on the final compression velocity, r corr1 and r corr2 are logistic parameters (steepness factors) #1 and #2 respectively, and X corr1 and X corr2 are characteristic concentrations (for concentrations of maximum derivative correction). This function slows down the settling velocity once compression settling starts to take effect (around the 11th minute on Figure 5 ), and predicts the final residual settling velocity. Simulation of the same experiment with the Vesilind adjusted by the compression function (10) shows a good fit independent of layer number (as long as this layer number is sufficiently large). Parameters used were v corr ¼ 20 m/d; v res ¼ 0.5 m/d; r corr1 ¼ 3 L/g; r corr2 ¼ 0.5 L/g; X corr1 ¼ 4000 mg/L and X corr2 ¼ 8000 mg/L. Simulation of more experiments is required in the future to investigate the general applicability of the correction terms.
Conclusions
High quality and extensive settling data sets were generated by careful observation of interface heights in a series of settling vessels. One of these was a large pilot scale reactor that is a valid surrogate of the full scale process. It was found that bench cylinders must be slowly stirred to be representative of full scale reactors beyond a certain MLSS concentration (4300 mg/L for this sludge). Data points collected below this concentration in unstirred cylinders may still allow proper determination of the Vesilind parameters, but with decreased confidence.
Three methods were used to determine Vesilind parameters and gave similar results. Compared to parameter estimation based on human choice, automating the extraction with a simple Excel routine has several advantages: lower impact of human bias, uniform procedure and reduced workload. However the method is not foolproof: human input is still required to define acceptable initial guesses that will allow the solver to find the appropriate solution. Whole-curve fitting requires simultaneous optimization of an increased number of parameters, compared to fitting limited to the linear portion of the curve.
Using the extracted Vesilind parameters, 1-D flux models simulate the hindered settling phase of the test correctly, but the simulation deviates from the data in the compression phase. The usual approach is to use a small number of layers (8 -30) which provides numerical "smoothing". Instead, a correction function is proposed, consisting of two logistic terms. The fit to batch settling curves is excellent, but further batch and flow-through studies are required to establish the general validity of the function and to develop an easy measurement/calibration method.
